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Text. Let f (n) be the least number of ones that can be used
to represent n using ones and any number of + and × signs
(and parentheses). It is always true that for a prime p, f (p) =
f (p − 1) + 1? It’s in the famous book Unsolved Problems in Number
Theory as problem F26 written by R.K. Guy. The aim of our work
is to give a counterexample to the conjecture and some properties
on f (n).
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1. Introduction and notation
For f (n) introduced above, some authors called it integer complexity, denote by ‖n‖. It was intro-
duced by Mahler and Popken in 1953 and popularized by Richard K. Guy in his famous book Unsolved
Problems in Number Theory [1] as problem F26. There are many unsolved problems about integer com-
plexity. Such as determining the value of f (n) where n is large integer. Particularly, determining f (p)
where p is a prime plays an important role in the problem. It conjectured that for any p is prime
number, f (p) = f (p − 1) + 1. In this paper, we give a counterexample to the conjecture and some
properties on f (n).
For convenience, throughout this paper, state “be expressed by ones” means to express the number
by ones, any number of + and × signs (and parentheses) unless stated otherwise. And all n,a,b, i, j
denote positive integer. To avoid confusion, integer complexity is denoted by f (n) instead of ‖n‖.
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of them are easy to comprehend, thus we omit the proofs.
Realized that last operation of express n must be + or ×, thus
Deﬁnition 1.
f (1) = 1, (1)
f (n) = min{ f (a) + f (b)}, (2)
where a + b = n or ab = n, for n > 1.
We denote
Cn =
{∀x ∈ Z+: f (x) = n} (3)
and
An =
{∀x ∈ Z+: f (x) n} (4)
for convenience. On the other hand, if A and B be nonempty sets of integers, we deﬁne the sum set
A ⊕ B = {a + b: a ∈ A, b ∈ B} (5)
and product set
A ⊗ B = {ab: a ∈ A, b ∈ B}. (6)
Then we got following formula from Deﬁnition 1 at once.
Theorem 1.
Cn = {n} (n = 1,2,3,4), (7)
Cn+1 =
⋃
1i jn and i+ j=n+1
(Ci ⊕ C j) ∪ (Ci ⊗ C j) \ An, (8)
where n 4.
Deﬁnition 2. Deﬁne g(n) be the greatest number that can be expressed by n ones and any number of
+ and × signs (and parentheses).
In other words, g(n) is the greatest element of Cn . On the other hand, we denote l(n) be the least
element of Cn . In fact, g(n) and l(n) are very important in estimating some parameters in the integer
complexity problem. Thus to determine g(n) and l(n) seems necessary. Regrettably, it is too diﬃcult
to determine l(n). We will give some results by computer later (see Table A.1). In this section we just
give the calculation method of g(n).
Theorem 2. g(1) = 1, g(2) = 2, g(3n) = 3n, g(3n + 1) = 4 · 3n−1 , g(3n + 2) = 2 · 3n.
The proof see [2].
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• Suppose p is a prime number. Does f (p) = f (p − 1) + 1 is always true?
Counterexample. Denote ξ = 353942783, which is a prime number. But
f (ξ) = 63 = f (ξ − 6) + 5 < f (ξ − 1) + 1 = 64. (9)
Remark 1. It’s necessary to realize the fundamental fact: using f (n) ones can express n, then n + 1
must could be expressed by f (n) + 1 ones. While f (n + 1) means the least number of ones needed
to express n, thus ∀n ∈N, f (n + 1) f (n) + 1. In this way,
f (n − 1) + f (1) f (n − 2) + f (2) f (n − 3) + f (3)
 f (n − 4) + f (4) f (n − 5) + f (5). (10)
But it ends here, due to f (i + 1) = f (i) + 1 won’t hold when i = 6.
Lemma 1. f (n) = min { f (a) + f (b),1+ f (n − 1), f (i) + f (n − i)}, where ab = n and f (i) = f (i − 1)+ 1,
1 < i  n2 .
Proof. Due to commutative law of addition, restricting 1 < i  n2 is reasonable. From above inequali-
ties (10), f (n− k)+ f (k) cannot less than the smallest element of { f ( j)+ f (n− j): 1 < j  n} where
k = 2,3,4,5. For the same reason, for some i, if f (i) = f (i − 1) + 1, then
f (n − i) + f (i) = f (n − i + 1) + f (i − 1) + 1. (11)
Thus f (n − i) + f (i) cannot be the smallest element of { f ( j) + f (n − j): 1 < j  n} too. Take
off elements which cannot be the smallest one, the possible value of f (n) left { f (a) + f (b),
1 + f (n − 1), f (i) + f (n − i)}, where ab = n and f (i) = f (i − 1) + 1, 1 < i  n2 . Then it obtains the
state with the deﬁnition of f (n) immediately. 
Lemma 2. If n is a positive integer satisfying f (n − 6) + f (6) < f (n − 1) + f (1), then f (n − 6),
f (n − 5), f (n − 4), f (n − 3), f (n − 2), f (n − 1) is an arithmetic sequence with common difference 1.
Proof. On the one hand, n is satisfying f (n − 6) + f (6) < f (n − 1) + f (1), which means that
f (n − 1) > f (n − 6) + 4. (12)
On the other hand, if n−6 can be expressed by f (n−6) ones, then uses f (n−6)+5 ones can express
n − 6+ 5= n − 1. Thus
f (n − 1) f (n − 6) + 5. (13)
From above two inequalities, we have
f (n − 1) = f (n − 6) + 5. (14)
In this situation,
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otherwise, f (n − 1) < f (n − 2) + 1 f (n − 6) + 5. Then we come to a contradiction with (14).
For the same reason, it is not diﬃcult to get
f (n − 6) = f (n − 5) − 1 = f (n − 4) − 2 = f (n − 3) − 3
= f (n − 2) − 4 = f (n − 1) − 5. (16)
That’s what we need. 
Suppose p is an odd prime number large enough, f (p) = f (p − 1) + 1, then from Lemma 1 we
obtain that f (p) = f (p− i)+ f (i) where 1 < i < p2 and f (i) = f (i−1)+1. Like dealing with Lemma 2,
f (p − j)  f (p − i) + f (i − j) where 1  j < i. Conversely, f (p − j) + f ( j) > f (p − i) + f (i) that’s
f (p − j) > f (p − i) + f (i) − f ( j). Hence
f (p − i) + f (i) − f ( j) + 1 f (p − j) f (p − i) + f (i − j). (17)
Let i be 6 and 8, then see the difference.
• i = 6
i − j 1 2 3 4 5 6
f (i − j) 1 2 3 4 5 5
f (i) − f ( j) + 1 1 2 3 4 5
• i = 8
i − j 1 2 3 4 5 6 7 8
f (i − j) 1 2 3 4 5 5 6 6
f (i) − f ( j) + 1 1 2 2 3 4 5 6
Remark 2. From above tables we obtain that if f (p) = f (p − i) + f (i) where p is a large enough
prime number. It’s not always has an arithmetic sequence with ﬁve terms and common difference 1
on f (p − j), f (p − j + 1), . . . , f (p − 1).
However, following result was veriﬁed by computer.
Theorem 3.
Cn+1 =
({1} ⊕ Cn)∪ ⋃
2i jn−1 and i+ j=n+1
(Ci ⊗ C j) \ An, (18)
where 4 n 57.
In other words,
f (n) = min
ab=n
{
1+ f (n − 1), f (a) + f (b)}, (19)
where n ∈ A58.
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smallest number satisfying f (n) + 5 = f (n + 5) is 21080612 ∈ C49. However, there are just three
numbers in A52 satisfying f (n) + 5 = f (n + 5). Others are 63241598 and 67139092. They are both
in C52.
Remark 4. We have used computer to search, obtained 126483083 ∈ C59 is the least number such
that
f (126483083− 1) + 1 > f (126483083− 6) + 5 = 59. (20)
Unfortunately 126483083 = 9091 · 13913, and f (9091) + f (13913) = 59 too.
Corollary 1.
Cn+1 =
({1} ⊕ Cn)∪ ⋃
2i jn−1 and i+ j=n+1
(Ci ⊗ C j) \
⋃
b(n)<kn
Ck, (21)
where 4 n 57 and b(n) satisﬁes following two inequalities
g
(
b(n)
)
< l(n + 1), (22)
g
(
b(n) + 1) l(n + 1), (23)
since while k b(n), Cn+1 ∩ Ck = ∅ and generally Cn+1 ∩ Ck+1 = ∅.
Above corollary seems useless, since we know Cn+1 ﬁrst, then l(n+ 1). However, the utility of it is
to simplify computation if we have formula to estimate l(n) for general n. For the results of b(n) see
Table A.2.
3. The relationship of recursion
Suppose n is an even integer, then n + 2 is even too. Is there any relationship between f (n) and
f (n + 2)?
In fact, f (n + 2) = f (2( n2 + 1)), that’s f (n + 2) 3+ f ( n2 ).
Generally, if d is a nontrivial positive factor of n, then
f (n + kd) = f
(
d
(
n + kn
d
))
 f (d) + f
(
kn
d
)
+ f (n). (24)
We call it the relationship of recursion. Actually it is just a deformation of the deﬁnition of f (n).
Remark 5. But f ( n2 ) is not always less than f (n). For example, f (743) = f (2 · 743) = 22. There are
three elements x ∈ C22 such that f (x) = f (2x). However there are 5071 elements x ∈ C46 such that
f (2x) = f (x).
Similarly, the least number n such that f (n) = f (3n) valid is n = 166571, where f (166571) = 39.
The least number n such that f (n) = f (5n) valid is n = 97103, where f (97103) = 38. The second
least is n = 1387433, where f (1387433) = 46.
Let’s back to the main problem. If p is prime such that f (p) = f (p − 6) + 5. Then from above
the relationship of recursion. There must be some number can be divided by 3 which is in p − 6,
p − 5, p − 4, p − 3, p − 2, p − 1. It can’t be p − 6 or p − 3, otherwise p wouldn’t be prime. As-
sume 3|p − 5, f (p − 5) = f ( p−53 ) + 3 − ε then f (p − 2)  f ( p−53 ) + 4 = f (p − 5) + 1 + ε. Due to
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f (p − 1) + 1 > f (p − 6) + 5, then ε  3. That’s
f (p − 5) f
(
p − 5
3
)
. (25)
Similarly assume 3|p−4, f (p−4) = f ( p−43 )+3−ε. By the same method, we have f (p−1)+1
f (p − 6) + 3+ ε. If we want f (p − 1) + 1 > f (p − 6) + 5, then ε  3. That’s
f (p − 4) f
(
p − 4
3
)
. (26)
Whatever the situation above, there must be some n such that f (3n)  f (n). At least we
can ﬁrst search for the numbers that satisfy f (3n)  f (n) and estimate how large is the prime.
Hence discussing the recursion relationship of p − i, p − i + 1, . . . , p is useful for searching f (p) =
f (p − i) + f (i) somehow.
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Appendix A. Instances and tables
Let p, pa , pb be primes. k ∈N, k > 1. Are
• f (papb) = f (pa) + f (pb),
• f (pk) = kf (p)
always right? The answers are negative.
• 15 = f (115) = f (5 · 23) = f (5) + f (23) = 16,
• 20 = f (529) = f (232) = 2 f (23) = 22.
Table A.1
l(n) and g(n).
n l(n) g(n) n l(n) g(n) n l(n) g(n)
5 5 6 23 719 4374 41 203999 3188646
6 7 9 24 1223 6561 42 241883 4782969
7 10 12 25 1438 8748 43 371447 6377292
8 11 18 26 1439 13122 44 540539 9565938
9 17 27 27 2879 19683 45 590399 14348907
10 22 36 28 3767 26244 46 907199 19131876
11 23 54 29 4283 39366 47 1081079 28697814
12 41 81 30 6299 59049 48 1851119 43046721
13 47 108 31 10079 78732 49 2041199 57395628
14 59 162 32 11807 118098 50 3243239 86093442
15 89 243 33 15287 177147 51 3840479 129140163
16 107 324 34 21599 236196 52 6562079 172186884
17 167 486 35 33599 354294 53 8206559 258280326
18 179 729 36 45197 531441 54 11696759 387420489
19 263 972 37 56039 708588 55 14648759 516560652
20 347 1458 38 81647 1062882 56 22312799 774840978
21 467 2187 39 98999 1594323 57 27494879 1162261467
22 683 2916 40 163259 2125764 58 41746319 1549681956
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b(n).
n b(n) n b(n) n b(n)
5 4 23 17 41 33
6 5 24 19 42 34
7 6 25 19 43 35
8 6 26 19 44 36
9 7 27 21 45 36
10 8 28 22 46 37
11 9 29 22 47 38
12 10 30 23 48 39
13 10 31 25 49 39
14 11 32 25 50 41
15 12 33 26 51 41
16 12 34 27 52 43
17 14 35 28 53 43
18 14 36 29 54 44
19 15 37 29 55 45
20 16 38 31 56 46
21 16 39 31 57 46
22 17 40 32 58 47
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